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I  -  INTRODUCTION 


I 

\ 

A  -  Statement  of  Problem 

The  problem  is  to  measure  the  thrust  output  of  a  rocket  engine. 
During  the  test  run,  the  engine  is  contained  in  a  vacuum  cham\>er  as 
shown  in  Figure  1. 


The  thrust  output  consists  of  a  series  of  short  pulses  as  shown  in  Fig- 


where  the  left  side  is  the  net  impulse  applied  to  the  engine  and  the 
fright  side  is  the  total  change  of  momentum.  The  total  change  of  mo- 

. '  I 

mentum  is  considered  to  have  two  components: 

1.  ^  rigid  body  ■  the  momentum  change  considering  the  en¬ 

tire  mass  of  the  engine  moving  as  a  rigid  body. 

:  \. 

2.  ^  t^*^)internal  "  change  in  the  relative  momentum  of  inter¬ 
nal  moving  or  vibrating  elements  where  their  momentum  is  taken  rela¬ 
tive  to  the  rigid  body  motion. 


When  the  engine  is  used  to  drive  a  vehicle  in  space,  the  useful 
momentum  imparted  to  the  vehicle  is  just  the  first  of  the  above  two  com¬ 
ponents.  It  is  desired  to  obtain  an  indication  of  this  momentum  by  means 
of  a  laboratory  measurement;  in  which  it  will  be  possible  to  measure  TCt) 
and  ^  ^^^)rigid  body  Rewriting  equation  (l)  with  the 

:  subscript  "Lll-referTing  to  laboratory  conditions,  and  "S"  to  space  con- 
;  ditions .  we  have: 


Now  consider  that  the 


resistance  in  space  is  zero  (P,(t)  -  0).  and  that 
the  engine  is  mounted  in  the  laboratory  so  that  ^  (mvJ.  /  , 

and  that  the  engines  behavior  (or  its  equivalent)  is  essentUlly  the  same  ^ 

in  the  laboratory  or  in  space  so  that 

yrpijji --jpjtjjt 

then,  enbelilating  the  above  into  equation.  (2)  and  (J)  and  eliminating  the 
engine  impulse  term,  we  have 

J  =  (pihJt  W 

hotlif  t 

Hence,  the  laboratory  measurement  gives  a  direct  indication  of  the  use- 
ful  momentum  generated  by  the  engine  in  space. 

^  The  internal  momentum  may  consist  of  a  vibration  of  internal  com¬ 
ponents  relative  to  the  frame.  Whether  or  not  this  vibration  affects  the 
measurements  to  be  made,  remains  to  be  experimentally  determined;  but 

this  effect  can  be  made  negligibly  small  V  careful  design  techniques. 

1 

C  -  General  Systems 

The  problom  re.olv..  it.eit  to  thu  io.trumvolatioo  and  mea.ur.m.ol 
of  th.  l.ft  .id.  ol  .qualioo  (4);  thru,  genoral  approach.,  ar.  po.aibl..  For 
our  initial  purpo...  o(  dl.cu..lon.  th.y  ar.  pr...„t.d  In  id.al  .ch.matic 
»orm,  th.  .ngin.  I.  tak.n  to  b.  rcting  on  a  frictionl...  .urtac.  and  tran.- 

lat..  do.  to  tha^brurrlmpul....  It  I.  noted,  how.v.r.  that  tor.ional 
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analogies  exist  for  these  cases  which  may  be  more  practicable. 


na  5 


In  the  above  figure,  the  engine  is  resting  on  a  frictionless  surface. 
It  is  essentially  retrained  from  motion  so  that  0,  and  from 

equation  (4),  the  impulse  induced  in  the  load  cell  equals  the  useful  thrust 
impulse: 

Furthermore,  since  ^  O  at  a*l  times  during  the  impulse  equa¬ 

tion  (5)  holds  at  any  generic  time  during  the  impulse;  which  leads  to, 

fit)  =  Flij  (i) 

Thus,  tor  an  ideally  rigid  system,  the  instantaneous  force  in  the  load  cell 
equals  the  instantaneous  value  of  thrusts  as  shown  in  the  following  figure: 
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no.  6 


To  determine  the  feasibility  of  this  system,  we  must  consider  how 
closely  a  real  system  may  approximate  the  ideal.  The  duration  of  a  thrust 
pulse  is  0.5  milliseconds;  the  minimum  spacing  between  pulses  is  100  mil¬ 
liseconds.  Thus,  we  consider  the  response  of  the  system  to  an  individual 
pulse.  It  can  be  shown  that  for  the  system  to  adequately  track  a  rectangu¬ 
lar  pulse,  its  natural  frequency  must  be  at  least  as  high  as  the  frequency 
associated  with  the  individual  pulse  duration.  In  this  system,  this  means 
that  the  natural  frequency  of  the  engine- restraining  rod  must  be  at  least 
1000  cps.  Taking  the  engine  weight  at  300  pounds,  the  spring  constant  of 
the  restraining  rod  is  calculated  to  be  about  40  x  10^  pounds/inch.  Con¬ 
sidering  a  rod  of  length  Jl  ,  we  have  ( 


so  that 
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For  o  peak  poU.  of  20».  and  an  .It.Civ.  l.npth  oC  .I"  (th.  ahorte.t  t.a.ibl. 
Strain  gage  lengtli)we  have 

which  i.  Jnat  at  th.  border  for  ••.tat.-of-th.-.rf'  t.chni,«... 

>  ■  Inftnitely^Flexible  System 


’U-.AT 


rco 


riG.7  \ 

Here.  tl«  Mgine  la  idealia.d  to  b.  free  of  all  external  forces,  ao 
that  from  equation  (4) 

Considering  one  pulse; 


then,  since  /Tl  Is  constant; 

I  )n/j€c. 


AV 


3ero 

38i 


(9) 
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If  the  engine  is  initially  at  rest,  the  velocity  after  the  pulse  will  be: 

=  ,0i3n 

The  velocity  after  10  pulses  will  be: 

yOo)=.ti  ''7^ 

which  is  easily  measured.  The  distance  moved  depends  on  the  spacing  be* 
tween  pulses.  In  the  case  of  2  second  spacing,  the  distance  moved  during 

10  pulses  (i.e.  20  seconds)  is  about: 

i 

'X  sz  ■d^x2o  =  h  3  inches  Oi) 

2. 

Hence,  if  the  pulse  spacing  is  known,  it  may  be  more  practicable  to  meas¬ 
ure  displacement  and,  by  calculation,  determine  the  momentum  change  and 
thrust.  Whichever  is  instrumented  and  measured,  it  is  seen  that  the  mea¬ 
surements  are  well  within  the  range  of  feasibility.  Thus,  this  system  is, 
in  principle,  feasible. 

The  next  step  is  to  consider  reducing  this  system  to  practice.  The 
problerh  is  to  provide  a  near-frictionless  sliding  surface.  For  reasonable 
accuracy  of  measurement,  the  friction  force  should  be  no  more  than  one- 
tenth  of  the  minimum  average  thrust  value.  From  Figure  2,  the  average 
thrust  has  a  minimum  value  of  0.005  pounds.  , 


Thus,  the  friction  force  should  be  of  the  order  of  0.0005  pounds;  which 
implies  a  coefficient  of  friction  of: 

-7— o^) 

300 

This  friction  factor  is  so  small  as  to  exclude  any  system  based  on 
solid* to* solid  sliding  or  rolling  contact.  Three  approaches  based  on  flu* 
’id  film  lubrication  are  as  follows: 

a.  Oil  film  bearing:  With  the  present  state*of>the*art.  it  is  possible  to 
obtain  friction  factors  in  the  order  of  10*^.  While  it  may  be  possible  to 
improve  this  value  with  a  very  sophisticated  design,  this  direction  does 
not  seem  to  be  promising. 

b.  Air  film  bearing:  A  good  bearing  design  may  result  in  a  friction  fac¬ 
tor  of  the  order  of  10"^.  However  since  the  engine  test  chamber  is  eva¬ 
cuated  this  leads  to  two  problems.  The  first,  maintaining  an  air  film  in 

ja  vacuum,  may  be  difficult  to  achieve.  The  second,  the  efflux  of  air  from 
the  bearing  will  put  additional  strain  on ‘*^he  vaccum  pumps  working  with  the 

* 

i  test  chamber.  Although  this  approach  has  problems  associated  with  it,  it 
merits  further  study. 

c.  Mercury  bath  flotations:  In  this  approach,  the  entire  engine  is  floated 
in  a  bath  of  mercury  as  shown  in  figure  8. 


7 — ^ 


With  proper  design,  it  seenns  likely  that  the  friction  can  be  reduced  to 
very  low  values.  The  detailed  design,  with  consideration  of  friction, 
overturning  stability,  effects  of  waves,  quantity  of  mercury  required, 
etc.  is  beyond  the  scope  of  this  report. 

3.  Intermediate-Stiffness  System 


In  this  system,  the  engine  is  coupled  to  the  ground  by  a  spring  and 
dashpot.  The  equation  of  motion  is: 

I 


-lO- 


(J3) 


—  ?r  pli)  -  ^  r  -  c:  :r 

f 


which  may  be  rewritten  in  standard  form  as: 

2p 


ir  ^  ^  Pit) 


where 


\Af  ^ 


OH 


It  is  recalled  that  pit)  represents  a  series  of  pulses  whose  spacing 
may  vary  from  2  seconds  to  O.lO  second.  The  form  of  the  solution  to 
equation  (l4)  depends  on  the  relation  between  the  period  of  natural  vi¬ 
bration  of  the  engine- spring-dashpot  system  and  the  inter-pulse  period. 


If  the  period  of  natural  vibration  is  short  compared  to  the  inter¬ 
pulse  periods  then  the  response  of  this  system  will  approach  that  of  the 
infinitely- stiff  system  considered  in  section  1.  Whereas »  if  the  period 
of  natural  vibration  is  long  compared  to  the  inter-pulse  period;  then  the 
response  of  this  system  approaches  tls^^  of  the  infinitely  soft  system  con¬ 
sidered  in  section  2.  In  between  these  extremes  we  have  the  soft  or  stiff 
systems  •  which-are'described  in  more  detail  in  Part  III  of  this  report. 
However,  we  will  state  the  one  essential  characteristic  that  differentiates 
them  from  each  other.  The  soft  system  basically  integrates  the  pulses 
until  a  steady  state  position  is  attained:  so  that  it  can  only  be  expected  to 
work  well  if  the  inputs  are  essentially  non-varying  in  amplitude  or  spacing 


and  if  enough  time  is  allowable  for  steady  conditions  to^  be  reached.  On 

i 

the  other  hand  the  stiff  system  measures  each  pulse  as  it  occurs.  Thus 
since  it  essentially  responds  to  transient  phenomena  it  can  tolerate  non¬ 
steady  or  short  time  phenomena  (even  single  pulse  inputs). 

II  -  INTERMEDIATE  STIFFNESiS  SYSTEMS  -  DETAILED  INVESTIGATIONS 
A  -  Soft  System 

1.  Introduction 

Various  mechanizations  exist  in  this  general  class.  Among 
these  are  the  seismic  pendulum  previously  proposed  and  the  Inverted  pen¬ 
dulum  system  under  current  consideration.  Although  we  treat  the  inverted 
pendulum  In  dcUil  here,  much  of  the  general  results  apply  equally  well  to 
the  seismic  pendulum.  The  inverted  penulum  system  is  based  on  the  tor¬ 
sional  analog  of  Figure  9  for  the  case  of  a  very  flexible  system.  Schema¬ 
tically,  it  ie  shown  in  Figure  lO  below; 


•  1 2» 


The  pivot  is  assumed  to  be  ideal  and  irictionless.  In  the 
actual  systennrTTH^^vot  will  be  prorided  by  a  non-slipping  torsional 
restoring  spring.  Because  of  the  absence  of  relative  slipping  motion 
between  elements,  the  friction  torque  may  be  almost  negligible:  con¬ 
sisting  of  internal  hysteresis  of  the  material  itself. 


2.  Static  Analysis 

As  seen  in  F'igure  2.  FCL)  nnay  be  considered  to  have  an 
average  value  ^  .  As  an  introduction,  let  us  consider  the  steady-state 
deflection  of  this  system  under  an  applied  constant  force  F  ;  i.e. ,  at 
times. great  enough  for  all  transient  effectr  due  to  initial  application  of 
this  force  (F)  to  be  damped  out. 


i  From  statics: 

Fc  +  WJ —  ■A. 


(U) 


where  ■  steady- state  deflection  of  the  system.  If  does  not 

;  exceed  about  5  or  6  degrees,  sin  •  may  be  approximated  by  • 

!  Hence:  \ 

I  -  i 

“h  lA/J  Si  'K  07) 

j  or 

Equation  (18)  shows  that  the  static  sensitivity  may  be  increas- 
ed  by  decreasing  the  effective  spring  constant  Let  us,  for  exam- 

pie,  set  the  sensitivity  so  that  the  maximum  value  of  p  (O.lOO  pounds) 
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causes  a  deflection  (  )  of  0.10  radians  (5.73^).  Taking  ’’  ^ 

"  ^  "  to  be  about  10  inches,  we  find:  ^ 

^  •/ 


’’  and 


('f9) 


while  for  w  z  300  pounds: 


to  30DtlO-3oio 


in  if 

717 


Thus,  to  get  accurate  results,  the  calibration  must  set  the  difference 
between  ^  and  ty^Lto-a  value  which  is  a  small  difference  of  large  num¬ 
bers  and  maintain  that  calibration  within  close  tolerances  throughout  the 
entire  test.  This  is  generally  a  problem  and  may  be  expected  to  be  trouble- 
some. 


The  problem  of  maintenance  of  calibrations  is  an  important 
one  and  any  specific  design  must  be  carefully  evaluated  and  experimentally 
verified  before  and  after  each  test  to  ascertain  the  constancy  of  ^-IV^to 
within  very  close  tolerances.  Otherwise  ^  will  not  remain  constant 
but  will  fluctuate  so  that  the  test  is  difficult  to  interpret.  Assuming  that  the 
design  is  adequate,  it  is  simpler  to  adjust  and  calibrate  the  system.  If  it 
is  noticed  that  the  effective  spring  constant  for  the  system  and, 

hence,  determines  the  undamped  natural  frequency,  a  very  effective  method 
of  calibration  results.  The  undamped  natural  vibration  will  have  a  period: 


T 


■"■'■I 
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where  Iq  i«  the  mass  moment  of  inertia  about  the  pivot.  To  estimate 
this,  we  have 


622; 


where  the  moment  of  inertia  of  a  uniform  cylinder  of  length  was 

taken  for  .  Taking  Z.  as  20  inches,  we  have: 


Using  this  value  in  equation  (21) 

y  sszir  [jUT zo  S€c . 

iO 

Thus,  having  selected  a  sensitivity  of  .10  radians  for  .100  pounds 

average  thrust,  the  period  of  undamped  vibration  is  20  seconds.  Further, 
since  ^  ^ T^^this  provides  an  experimental  method  of  checking  the 
calibration  which  should  be  quite  accurate.  I 

\ 

Let  us  examine  the  previous  selected  sensitivity  to  establish 
its  accuracy.  Let  be  the  displacement  at  the  c.g.  associated  with 

;  hence  J  .  Now, 


-15- 


Thus,  since  a  .010  inch  deflection  may  be  measured  with  reasonable  ac¬ 
curacy,  we  see  that  this  system  can  measure  the  average  thrust  within 
-i,001  pounds. 

In  the  following  section,  we  will  take  the  sensitivity,  effective 
spring  constant  and  natural  period  of  vibration  at  the  same  value  used  in 
this  example.  \ 


3.  Dynamic  Analysis 


From  Figure  10,  the  dynamic  equation  of  motion  is:  , 


6  +  2fL0  + 10^9  =  -^FU> 


(^6) 


where 


a  W 

(V  «  - - - 


(^V 


Case  I  «  Quasi-static 


Since  the  natural  period  of  pendulum  vibration  is  of  the  order 
of  20  seconds  and  the  pulse  spacing  is  abe  t  1  or  2  seconds,  it  would  be  ex¬ 
pected  that  the  response  of  the  pendulum  would  be  primarily  determined  by 
the  average  value  of  JrCt)  •  In  the  preceding  section,  we  considered  the 
steady-state  effect  of  a  constant  thrust,  here  we  consider  the  transient  ef¬ 
fect  which,  with  the  passing  of  time,  approaches  the  steady- state .  In  this 
we  will  idealize  the  pendulum  so  that  all  variations  in  physical  parameters 
or  non-ideal  motions  are  excluded;  although  they  may  actually  cause  addi¬ 
tional  non- negligible  deviations  from  the  motions  described  below. 
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Letting  the  solution  of  equation  (26)  is: 

0 

;  Taking  the  system  initially  at  rest*  we  find: 

where: 

17^"  -k-tuJ 

and  is  the  same  value  as  in  equations  (18).  It  is  seen  from  equation  (29) 
that  as  time  increases*  the  transient  oscillations  are  damped  out  and  the 
displacement  $it)  approaches  the  steady>state  displacement 


To  get  a  quantitative  picture  of  the  transient  oscillations*  and 
the  effects  of  damping,  let  us  evaluate  equation  (29)  for  the  same  physical 
parameters  selected  previously.  Hence,  let: 


Xo  * 
e  r 
J  • 

T  * 


100  pound  inches 

10  inches  ^ 

10  inches  \ 

10  inch  pounds/radian 

ZT 

20  seconds  or  — r“ 


yeud 

^«c 


Now,  equation  (28)  is  the  solution  of  equation  (26)  only  if ^  is  l^ss  than 


9^6 


SZXBC 

2SSSSS 

tstss 


ilii 


XtlilVi 


I  imi  mis  tit  titssi  unitms  mn  um  oxur^  RXB  Bin  Bcn^H 

ii^BaaaHBKBaagBaBBBi 

BESSBSaS 


liaiMBMlIBBMHKBMittggWMTOBBHHHHiHppi 

BHBfliriiiiKasaBiiBiBBSSiiiilHiiyi 


If  ^  equals,  or  is  greater  than,  (JO  ,  the  solution  of  equation  (26)  is  not 
a  damped^ oscillation  but  an  asymptotic  approach  to  6^  «  Hence,  let 

us  define  A*  the  value  of  ^  which  is  equal  to  U)  ;  l.e.: 

=  ui  ao 

Using  the  above  values  together  with  equation  (30),  the  envelope  of  equa¬ 
tion  (29)  is  plotted  for  several  values  of  damping;  see  Figure  11.  Here 
the  displacement  is  in  the  dimensionless  form  of  ;  since  p  affects 

only  ^  ,  these  curves  are  valid  tor  all  values  ot  p  ,  To  aid  clarity,  the 
oscillatory  TtroHon  is  shown  only  for  one  value  of  damping.  For  the  other 
values  of  damping,  the  curves  will  be  of  the  same  form  but  bounded  by 
their  respective  damped  exponential  envelopes. 


Experimentally,  it  is  desired  to  measure  to  be  able  to  de¬ 
termine  the  average  thrust  p  .  However,  it  is  seen  that  damping  deter¬ 
mines  how  soon  the  transient  oscillations  decay  and  the  displacement  set¬ 
tles  down  to  its  steady-state  value.  If  we  define  the  displacement  error 
(  ^  )  as  the  maximum  deviation  of  9  frvm  ^  ,  using  equation  (29)  we 


find: 


which  decays  to  zero  as  time  increases.  For  "t  i  20  seconds,  equation 

\ 

(32)  may  be  evaluated  to  give. 
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h 
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h 

e 

•  to 

■  0314 

•  S50 

•  S50$^ 

•  toso 

•14^ 

•  14^ 

•'7 

.2J00 

■  DIS 

•  0lS$s 

Thus,  for  a  test  reading  after  20  seconda  it  is  seen/  that  the  damping 

I 

must  be  in  order  of  one>half  critical  for  the  displacement  error  to  be 
below  ten  percent. 

I  ' 

Case  II  -  Periodic  Thrust  Pulses  \  ^ 

We  now  consider  equation  (26)  for  the  case  where  pCt)  consists  of 
a  periodic  seriea-of-pulses  as  shown  in  Figure  2.  Since 
'  proximate  each  pulse  with  a  dirac«function  pulse  having  the  same  impulse 
(i.e.  area  on  — ^  graph);  see  Figure  12. 


‘  rjti); 


tfS* 
F c 

•.r 
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Since  the  area  under  a  "  ^  "  -pulse  is  unity,  we  may  write: 


FH)=^F[S(o)-^Sf1)  +  Sf^V^- . -1^ 

Then,  the  equation  of  motion,  from  equations  (26)  and  (33)  is: 

$  ■h'2fia  +  ui^S:=-^p[Sio}+  S(7)+Sf27)+ - 1  0H 

Taking  the  Laplace  transform  of  both  sides: 

where 

hence 

To  obtain  Mj  •  we  need  the  inverse  transform  of  equation  (36);  it  is 
obtained  from  Table  6.2  of  "Advanced  Engineering  Mathematics"  by 
C.R,  Wylie,  Jr,  Using  the  appropriate  inverse  transform  the  solution 
to  equation  (36)  may  be  expressed  as: 

Ci 
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9(i)  7«;^  r  r] 

Zcosh^ll'^  zcos'f^u/^p^ 

Whtir^ 

O^t^Co  ,  ^  (C’^O*^ 

'r=:-ev^/;7-^t  ;  •-*i^r:±o 

C^D,  I,  2, . 

and  C7  Indicates  the  time  at  which  the  most  recent  pulse  occurs. 

*  / 

Additionally.  \ 

Zo  I-o 

The  preceding  limits  indicate  that  "t  and  X  are  related  as  shown 
below:  ' 


lii) 
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It  is  seen  that  the  response  is  composed  of  two  connpoaents: 

1.  a  periodic  oscillation  at  the  pulse  frequency,  since  ^  ~  ~  ^ 

2.  a  damped  oscillation  at  the  pendulum  frequency,  since  O 

Hence .  we  write:  ^ 

Let  us  evaluate  this  solution  for  the  same  physical  parameters  used  be¬ 
fore  and  for  damping  about  one-third  of  critical  (i.e. ,  -  .10).  Since 

the  effect  due  to  pulsing  increases  as  the  pulse  frequency  approaches  the 
pendulum  frequency,  we  select  the  pulse  period  ^  at  its  maximum  value 
of  2  seconds. 

Equation  (37)  has  been  evaluated  for  the  above  values  and  is  plot¬ 
ted  in  Figure  13  where^fi^+^Jand  plotted  separately.  For 

comparison,  the  quasi- static  solution  previously  obtained  is  also  indicated. 

It  is  seen  that  the  response  to  thv  pulsing  is  essentially  the  same 
as  to  a  constant  force  equal  to  the  average  value  except  for  a  superim¬ 
posed  oscillation  at  the  pulse  frequency. 

Case  Ill  -  Non-periodic  Thrust  Pulses 

In  the  previous  case,  it  was  found  that  the  response  to  a  periodic 
pulse  train  is  essentially  the  same  as  to  a  constant  force.  Let  us  here 
determine  the  effect  of  non- periodicity  on  the  system  response. 

I 
\ 

\ 
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For  non-periodic,  fictj  *  Laplace  transform  technique  cannot 

be  readily  used.  Hence,  we  consider  a  superposition  technique  based  on 

1 

the  Duhamel  Integral  as  discussed  in  "Vibration  Problems  in  Engineering" 
by  S.  Timoshenko.  It  is  easily  shown  from  this  integral  that  the  displace¬ 
ments  associated  with  a  single  impulse  are  superposable;  if  each  displace¬ 
ment  is  measured,  in  time,  from  the  associated  pulse.  ^ 

,  A 

The  effect  of  a  single  impulse,  AC  *  of  magnitude  p  may  be 

derived  from  the  above  reference  to  be: 

/A 

where 

Since  we  will  compare  these  results  with  the  previously  obtained 
ones,  let  us  evaluate  equation  (39)  for  the  values  used  before: 


which  is  plotted  in  figure  14^  and  is  a  damped  oscillation  whose  magnitude 

A 

depends  on  the  impulse  p  . 
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To  investigate  the  effect  of  a  variation  in  p  ,  let  us  take 


as  follows: 


which  is  almost  periodic  except  for  the  occurrence  of  several  pulses  of 

t 

50%  greater  amplitude.  The  system  response  is  evaluated  by  superpos- 
;  ing  the  responses  to  the  separate  pulses;  careful  attention  being  giv- 
;  en  to  the  phase  due  to  non-periodic  spacing.  This  has  been  done  and  is 
plotted  In  Figure  16  where  it  is  compared  to  the  periodic  case. 

It  is  seen  that  irregularities  in  pu-Miing  can  cause  sizeable  pertur- 
;  bations  in  the  dynamic  response  of  the  pendulum.  If  they  occur  often 
‘  enough  so  that  the  effect  of  one  has  not  decayed  before  another  occurs, 
then  getting  consistent  experimental  results  may  be  very  difficult. 

Additionally,  Figure  17  presents  the  result  of  a  cut-off  in  the  pulses 
after  an  "almost"  damped  displaced  position  has  been  attained.  From 
this  we  see,  additionally,  that  any  cut-offs  could  lead  to  difficult  inter¬ 
pretation  of  the  experiment. 
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.  PivotJBuckling  Considerations 


na.  18 


Consider  a  rigid  body  pivoting  about  point  O  as  shown  in  Figure  18* 

A  A  A 

An  applied  impulse  p  results  in  the  reactive  impulses  X  X 

at  the  pivott  To  determine  these*  write  the  equations  of  motion: 


^  ^  \A/  * 

p  —  X  — 

F  SinOi  •hy  o 

pe 


(4!) 


where: 


T  ^  T  + 


(■f-2) 
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Solving  these,  we  find: 


C^) 


where  c'  U  the  intersection  of  f  with  the  line  from  the  pivot  through 
the  center  of  gravity.  Let  us  define  as  the  value  of  e*  for  which 
X  «  0;  hence: 


'  (4^) 


and 


X 


\ 


A 

Thus,  ^0  defines  the  center  of  percussion;  if  p  passes  through  this 


point  z  X  s 

e  then  X  >  O 


e*>el  then  X  <  6^ 


It  has  been  proposed  that  the  pivot  for  the  inverted  pendulum 
could  be  obtained  with  a  "Flexure"  unit  as  shown  in  Figure  19.  Tkis 
unit  is  composed  of  thin  crossed  bands  and  pivoting  is  accomplished  by 
their  flexing  under  load.  The  vertical  band  is  under  tension  due  to  the  , 

/V 

engine  weight;  the  load  in  the  horizontal  band  depends  on  the  sign  of  X  • 

A  A 

If  X  f*  positive*  then  the  load  in  this  band  is  tension;  if  X  i*  negative* 

then  the  load  will  be  compressive  and  may  cause  a  buckling  instability. 

A 

We  saw  before  that  if  P  acts  below  the  center  of  percussion*  then  X  >0 

A 

Hence*  to  preclude  buckling*  it  is  necessary  that  p  act  below  the  center 
of  percussion.  The  location  of  the  center  of  percussion  is  estimated  to 
be  about  3.3  incluB^above  the  center  of  gravity;  thus*  if  the  line  of  action 
of  the  engine  thrust  is  below  this  point,  the  horizontal  band  will  be  in  ten¬ 
sion  and  perform  in  a  proper  manner. 

5  -  Sources  of  Erratic  Behavior  -  General  Discussion 

In  order  to  determine  whether  the  inverted  pendulum  will  provide  a 
reliable*  or  even  measurable,  thrust  measurement*  it  is  necessary  to  con¬ 
sider  the  effects  of  small  departures  from  ideality.  This  has  been  done  in 
a  quantitative  manner  for  some  non- idealities  in  the  previous  sections. 
Others  exist;  some  of  these  which  seem  important  will  be  discussed  quali- 
tatively  in  this  section. 

*  I 

I 

\ 
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a.  Ground  Motions 


It  is  possible  that  the  very  low  frequency  motions  that  exist 
I  outside  of  the  present  equipment,  may  be  transmitted  through  the  pivot 
and  cause  unsteady  or  erratic  motion  of  the  engine,  even  in  the  absence 
of  the  engine  thrust.  The  disturbances  which  one  would  be  most  con¬ 
cerned  about  are  those  which  have  a  low  frequency  component  close  to 
that  associated  with  the  inverted  pendulum  system.  These  low  frequency 
,  inputs  arise  from  natural  ground  motions,  building  vibrations,  beating 
phenomena  associated  with  two  or  more  closely  matched  inputs,  equip¬ 
ment  motion,  etc.  Because  of  the  verylow  frequencies  involved,  if  these 
^  were  troublesome  they  would  be  of  such  a  low  frequency  as  to  make  iso¬ 
lation  impractical.  Thus,  it  is  necessary  that,  if  tiiese  exist,  their  am- 
;  plitudes  be  sufficiently  small;  even  their  amplified  motions  must  still 
have  a  negligible  effect  compared  to  that  associated  with  engine  thrust. 

The  quantitative  evaluation  of  the  importance  of  grotind  motions 
;■  \  \ 
on  the  response  of  this  system  still  remains;  these  can  be  carried  out  on 

;;  either  an  experimental  or  analytical  bax's. 

b.  Other  Force  Inputs 

Because  this  inverted  pendulum  integrates  and  stores  the  ef- 
:  fects  of  erratic  force  inputs  for  a  long  time  duration,  it  is  essential  that 
no  others  of  comparable  magnitude  to  that  provided  by  the  engine  pulse 
act  on  the  engine  prior  to  or  during  the  measuring  period.  As  we  see 
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from  Figure  l6,  small  extraneous  forces  or  pulses  can  cause  quite  large 
disturbing  motions  so  as  to  make  the  experimental  results  either  difficult 
to  obtain  and/or  to  interpret. 

Inputs  of  this  nature  could  arise  from  the  reflected  shock  waves 
as  the  discharged-gas'bounces  around  in  the  vacuum  chamber,  from  the 
motion  of  the  gas  out  of  the  chamber  as  it  is  being  evacuated,  etc.  The 
quantitative  effects  of  these  inputs  for  the  design  under  consideration  is 
beyond  the  scope  of  this  investigation  but  they  must  be  carefully  evalua» 
ted  either  analytically  or  experimentally  to  ascertain  that  they  are  negli¬ 
gible  and  that  the  measured  results  are  reliable. 

B  -  Stiff  System 

1 .  Introduction 

We  now  consider  a  system  of  mounting  the  engine  so  that  its 
natural  frequency  is  much  greater  than  the  pulse  frequency;  the  stiff 
system. 

2,  Dynamic  Analysis 


This  system  is  idealized  as  follows: 


FIO.  20 


o  It  is  noted  that  the  following  equations  will  be  equally  valid  for  a  torsion¬ 
al  analog  to  the  above  system. 


The  equations  of  motion  are: 


where 


Since  we  require  the  system  natural  frequency  much  greater  than  the 
pulse  frequen^i_and-full  damping  before  subsequent  pulses,  we  will  in¬ 
vestigate  the  system  response  to  a  single  pulse.  The  associated  input  is 
shown  in  the  following  figure: 
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We  find  the  solution  of  equation  (46)  to  be: 

< 


^>A 

ioy  t 
0-^rtr^€>o 

which  has  the  form  of  a  decayed  oscillation  as  follows: 


This  will  induce  a  force 


(^Ct))  in 


the  load  cell  which  is 


(43) 


Now,  it  can  be  shown  that,  for  _ »  A  »  maximum  displace* 


ment,  and  hence  the  maximum  force  in  the  load  cell,  occurs  at: 


_  TT 


2(A)  2, 


(4v 


Hence,  from  equation  (47)  we  find 


m 


CS’O) 


(sn 


Taking;  (A)  ^  200  TT  C /OO 

A  ==•  •COOS  ^€COrhii  I 

\ 

\ 

/7»“  •2‘» 

we  find  the  maximum  load  cell  force  to  be 

which  may  be  readily  measured. 

Using  a  strain  measuring  device  instead  of  the  above  described 
load  cell  we  find,  as  with  the  infinitely  rigid  system,  that 


-itA 
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where  Jl  i»  the  length  of  the  flexible  member. 
Introducing  equation  (52)  into  (51 )  we  have 

- VfX 


for  .mall  P\U)  •  Since  :  Mttl  <  "C  ••»*« 

For  the  above  parameters,  taking  .1"  we  have 


-t 


A/» 


(f^) 


c^s) 


which  is  readily  measured  within  state-of-the-art  techniques. 


3,  Sources  of  Erratic  Behavior  -  General  Discussion 

As  with  the  Inverted  pendulum  system,  the  reliability  of  the 
stiff  system  is  very  dependent  on  the  effects  of  small  departures  from 
ideality.  The  same  sources  discussed  with  that  application  will  be  con¬ 
sidered  here. — — — 

a-  Ground  Motion 

Only  the  higher  frequency  inputs  will  be  able  to  disturb 
this  system;  those  of  the  same  order  of  that  described  in  the  above  sec¬ 
tions.  Generally  these  will  be  well  above  those  associated  with  building 
and  ground  motions;  instead  they  will  come  from  neighboring  equipment. 
However,  in  this  case  because  of  the  degree  of  natural  damping  associated 
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with  this  system  and  because  of  the  low  amplitude  inputs  they  should  not 
pose  a  problem.  If  they  dOt  it  will  be  rather  simple  to  isolate  the  above 
discussed  system  because  of  the  relatively  high  frequencies  under  con¬ 
sideration.  - - 


b.  Other  Force  Inputs 


As  with  the  inverted  pendulum  these  could  cause  a  prob¬ 
lem.  Howevert  because  of  its  very  nature  this  system  records  only  in¬ 
stantaneous  behavior  as  contrasted  to  integrated  behavior  of  the  inverted 
pendulum.  The  result  is  that  only  those  forces  that  act  almost  simultan¬ 
eously  with  the  pulse  could  cause  trouble.  Since  the  nature  of  the  engine 
is  such  that  the  disturbances  from  reflected  shocks,  or  gas  flow  out  of  the 
chamber  occur  after  the  pulse  it  is  reasonable  to  expect  that  they  will  pre¬ 
sent  no  difficulty.  Instead  it  is  expected^if  they  exist^their  effect  will  be 
as  indicated  in  Figures  23  and  24  below. 


FIG. 

FORCE  INPUT 


SYSTEM  KE.SPOMSe  '\ 

ria.24* 

In  this  case  we  only  require  a  reasonable  initial  response  Cor  the  first 
l/4  cycle-t-or-approximately  I  to  2  milliseconds,  in  order  to  properly 
interpret  and  evaluate  the  engine  thrust.  This  can  be  compared  to  the 
requirement  on  the  inverted  pendulum  for  no  erratic  forces  for  at  least 
10  to  20  seconds. 

c.  Erratic  Thrust  Spacing  or  Magnitude 

Whereas  this  lack  of  uniformity  could  cause  considerable 
erratic  JiahavioT  in  the  inverted  pendulum  system,  it  would  be  of  no  con¬ 
cern  in  the  stiff  system.  This  follows  because  the  stiff  system  responds 
and  measures  each  pulse  separately;  so  that  an  erratic  pulse  history  has 
no  effect  on  capability  of  this  system.  Instead,  this  system  should  be  able 
to  record  and  evaluate  the  complete  pulse  history  as  it  exists. 
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